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While the topological order in two dimensions has been studied extensively since the discover
of the integer and fractional quantum Hall systems, topological states in 3 spatial dimensions are
much less understood. In this paper, we propose a general formalism for constructing a large class
of three-dimensional topological states by stacking layers of 2D topological states and introducing
coupling between them. Using this construction, different types of topological states can be obtained,
including those with only surface topological order and no bulk topological quasiparticles, and
those with topological order both in the bulk and at the surface. For both classes of states we
study its generic properties and present several explicit examples. As an interesting consequence
of this construction, we obtain example systems with nontrivial braiding statistics between string
excitations. In addition to studying the string-string braiding in the example system, we propose a
generic topological field theory description which can capture both string-particle and string-string
braiding statistics. Lastly, we provide a proof of a general identity for Abelian string statistics, and
discuss an example system with non-Abelian strings.
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I. INTRODUCTION
Some of the most important discoveries in condensed
matter physics over the last few decades have been
about topological states of matter. Topological states
are gapped states of matter that are not characterized
by broken symmetries and local order parameters, but
are still distinct phases from a trivial insulator. A sub-
class of topological states of matter is the topologically
ordered states, which are stable against any local pertur-
bations and have topologically protected properties in-
cluding fractional quasi-particle statistics, ground state
degeneracy determined by topology of the spatial man-
ifold, etc1. Since the discovery of integer and fractional
quantum Hall effects2,3, 2D topologically ordered states
have been characterized and constructed by many differ-
ent approaches, such as ideal wavefunctions4–7, topolog-
ical field theories8,9, exact lattice models10–13 and ten-
sor networks14–19. The general structure of topological
states in 2D is governed by the mathematical frame work
of tensor category theory12,20,21. Since the discovery of
topological insulators22,23, new types of topologically or-
dered states with nontrivial symmetry properties have
also been studied, known as symmetry protected topo-
logical (SPT) states and symmetry enriched topological
(SET) states.24–27
In contrast to the progress in 2D, much less is known
about topologically ordered states in 3D. Since there is
not yet a general framework for 3D topologically or-
dered states, building different models with topological
order is an important method that can help us under-
stand the general features of 3D topological order. The
3D topological insulators22,23 can be generalized to frac-
tional topological insulators with topological order and
fractionally charged partons28–31. Some exact solvable
models in 2D can be generalized to 3D. For example,
the 3D generalization of the toric code model can cap-
ture the topological order of 3D lattice discrete gauge
theory in which the ground state degeneracy is asso-
ciated to the non-trivial 1-cycles and the point parti-
cles have non-trivial mutual braiding statistics with flux
string excitations. The Levin-Wen models can be gen-
eralized to the Walker-Wang models32,33 which describe
3D gapped states with interesting surface topological or-
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2der and 3D bulk topological order that generalizes the
3D lattice gauge theory. In 3D, the statistics between
particles is a representation of the permutation group in-
stead of braiding group in 2D, so that there cannot be
fractional statistics for point-like particles34,35 (although
non-trivial statistics have been shown to be possible for
point-like monopole defects36–39). However, 3D topolog-
ically ordered states can have 1D string-like excitations
in addtion to particles. The existence of string excitation
enables rich possibilities of braiding statistics. Recently,
the topological properties of the lattice models of the
3+1D Dijkgraaf-Witten lattice gauge theory40–43 and 3D
generalization of quantum double models44,45 are stud-
ied. In these models, string excitations have non-trivial
fusion and braiding statistics.
In this paper, we propose a different approach of con-
structing 3D topological states named as the layer con-
struction. In this construction, 3D topological states can
emerge in a system with stacked layers of 2D topologi-
cal states and properly engineered inter-layer couplings.
This type of construction is first proposed in an special
example of 3D boson topological insulators in Ref. 46.
It is reminiscent of the wire construction of 2D topolog-
ical states47–49. It is shown that if we take an array of
the 1D wires of Luttinger liquids and engineer the inter-
wire coupling, this array of wires can effectively form a
2D quantum Hall liquid. Depending on the coupling,
a large class of fractional quantum Hall states can be
constructed. Motivated by the success of the wire con-
struction for 2D topological states and by the example
in Ref. 46, we study in this paper the layer construc-
tion of 3D states as a more general formalism of con-
structing and characterizing 3D topological states. In
this general formalism, we consider coupling layers of 2D
Abelian topological states where the consequence of the
coupling is to induce anyon condensation of some com-
posite particle formed by topological quasiparticles in two
adjacent layers. By several explicit examples, we show
that this approach can describe a large class of different
3D topological states, including those with only surface
2D topological order, and those with bulk and/or sur-
face topological order. For the systems with only surface
topological order and no bulk topological order, we con-
struct a series of examples which are 3D gapped states
with interesting chiral 2D topological order on their sur-
faces, although each layer of 2D states in the construction
is non-chiral. This is similar to the observation of Ref.
33,50 in Walker-Wang models. We obtain general criteria
for the absence of 3D topological order and the character-
ization of surface topological order. With these criteria
satisfied, we show how to determine the surface topolog-
ical order on top, bottom and side surfaces in a general
situation and show the equivalence of different surfaces,
which proves that the states obtained in this construc-
tion are topologically isotropic. For more general states
with nontrivial 3D topological order, our layer construc-
tion enables description of the bulk point-particles and
string-like excitations. We provide several examples of
different topological orders, including a “convectional”
3D topological order that resembles the lattice gauge the-
ory, and more general systems with coexisting bulk and
surface topological order. As a particularly interesting
feature of this construction, we can construct some 3D
topologically ordered states with non-trivial string-string
braiding statistics, in addition to the usual particle-string
braiding statistics. We provide a field theory description
of the 3D topological order and the string-string and
particle-string braiding statistics. We also discuss the
general features of string braiding, and provide a more
general proof of a constraint on string braiding statistics
proposed recently by Ref.41. In the end, give an exam-
ple system with non-Abelian string braiding statistics, to
show that more general topological orders are possible in
3D.
The rest of the paper is organized as follows. In Sec. II,
we propose a general framework for the layer construction
with layers of 2D Abelian topological states. We intro-
duce the coupling between layers by turning on anyon
condensations51–54 for certain composite quasi-particles
living in two adjacent layers. We provide general require-
ments on such condensed particles. In Sec. III, we focus
on the construction of 3D gapped states with only 2D
topological order on their surfaces and no bulk topolog-
ical order. Sec. III A presents several examples, and
Sec. III B discusses the general criteria of surface-only
topological order. Sec. III C studies the surface topo-
logical order on top, bottom and side surfaces and prove
their equivalence. In Sec. IV, we discuss more general
states with bulk topological order. Sec. IV A discusses
the conventional topological order of the type of discrete
gauge theories. Sec. IV B discusses examples with bulk
topological order coexisting with surface topological or-
der. Sec. IV C discusses the most nontrivial types of
system with nontrivial string-string braiding statistics.
In Sec. V, we provide a field theory description of the
topological order and the string braiding statistics for
the layer constructed models. Sec. VI is devoted to more
general discussions on string braiding statistics. In Sec.
VI A we prove a general identity that should be satisfied
by Abelian string braiding statistics. In Sec. VI B we
we provide an example of non-Abelian strings and their
statistics. The final section VII concludes the paper with
some discussions on open questions and future directions.
II. GENERAL SETTING OF THE LAYER
CONSTRUCTION
In this section, we will introduce the general formalism
for the construction of 3D topological states from layers
of 2D topological states. In general, one can start with
any topological state in each 2D layer. For concreteness
of the discussion, we restrict ourselves to only consider
layers of 2D Abelian topological states. Before we intro-
duce the general framework of the layer construction, we
will first briefly review the theory of 2D Abelian topologi-
3cal states and the condensation of certain quasi-particles
in these states. 2D Abelian topological states can be
described by the Abelian Chern-Simons theory with a
K-matrix, of which the Lagrangian55 is given by:
LCS =
∫
dxdydt
1
4pi
µνλKIJa
I
µ∂νa
J
λ , (1)
where aI for I = 1, ..., r are compact U(1) gauge fields
and K is a non-singular integer symmetric matrix. Here
We’ve denoted the dimension of the K-matrix as r =
dim(K). The quasi-particles in this theory are labelled
by r-component integer-valued vectors. The topological
spin of the quasi-particle labelled by the integer vector l
is given by θl = pil
TK−1l, and the mutual statistics of
two quasiparticles l and l′ is θll′ = 2pilTK−1l′. A particle
labeled by l = Kv, with v an r-component integer vector,
is considered as a local particle in the theory. In this the-
ory, we can further consider the condensation of a sub-
group of the quasiparticles MLag, called a “Lagrangian
subgroup”, which has the following properties51–53:
1. eiθm = eiθmm′ = 1, for all m,m′ ∈MLag;
2. For all l /∈ MLag, eiθlm 6= 1 for at least one m ∈
MLag.
The condensation of a Lagrangian subgroup drives a
transition from the Abelian topological state to a topo-
logically trivial phase. For each Lagrangian subgroup,
there is an equivalent description of the condensate us-
ing another set of particles Mnull
51–53. We refer to the
particles in this set as null particles. This set Mnull is
closed under particle fusion and satisfies the following
conditions:
1. θm = θmm′ = 0, for all m,m
′ ∈Mnull;
2. Mnull is generated by rank(Mnull) = r/2 null parti-
cles mi, i = 1, ..., r/2.
Notice that for Lagrangian subgroup or the null particle
set to exist, the dimension of the K-matrix r has to be
even. It has been proven that the Lagrangian subgroups
MLag and the null particle sets Mnull are in one-to-one
correspondence to each other.76 The condensation of the
particles of the null set Mnull will induce the condensa-
tion of all the particles in its corresponding Lagrangian
subgroup MLag modulo the local particles that can be
always thought of as condensed, and vice versa.
Now we can start introducing the general setting of the
layer construction of the 3D topological states. First,
we consider stacked layers of the identical 2D Abelian
topological states with the K-matrix K for each layer.
Before we introduce the coupling between the layers, we
can view the system as a 2D state using the 2+1D Chern-
Simons theory with an extended K-matrix K given by
K = K ⊗
Ö
1
1
. . .
è
L×L
, (2)
where L stands for the number of layers in the system.
We can turn on the “local” coupling between the lay-
ers by introducing the condensation of composite quasi-
particles that lives in finite range of layers. Without the
loss of generality, we only consider the composite parti-
cles that live in two consecutive layers as is shown in Fig.
1 (a). These particles, which we label as n
(m)
i , take the
form of
n
(m)
i = pi ⊗ em + qi ⊗ em+1, (3)
where pi’s and qi’s are r-component integer vectors that
labels the quasi-particle type in one single layer and em
is a L component unit vector with the mth entry 1 and
all the rest 0. The superscript m is effectively the layer
index, which will later be identified as the “lattice co-
ordinate” in the z direction. For a system that is peri-
odic in the perpendicular z direction, we need to consider
m = 1, 2, ..., L with the identification that eL+1 = e1
while, for the open boundary condition in the z direc-
tion, we only need to consider the condensation of null
particles with m = 1, 2, ..., L − 1. The subscript i labels
the different types of the condensed quasi-particles n
(m)
i .
It should be noticed that the condensed particles are com-
pletely determined by the sets {pi} and {qi} that are in-
dependent from the layer index m. Thus, the condensate
of these particles is invariant under the cyclic permuta-
tion between the layer, namely under m → m + 1, and
therefore is translationally invariant in the z direction.
For the sets {pi} and {qi}, we require them to satisfy the
following null conditions:
pTi K
−1pj + qTi K
−1qj = 0,
pTi K
−1qj = 0, ∀ i and j, (4)
such that the mutual statistics and the topological spins
of the condensed particles n
(m)
i is guaranteed to be triv-
ial:
n
(m)T
i K−1n(m
′)
i′ = 0, ∀i, i′,m,m′. (5)
This condition is similar to the null conditions of the null
particle set Mnull for 2D Abelian topological state intro-
duced above. Moreover, in analogy to the requirement to
the rank of the null set rank(Mnull), here we also require
that
number of pi’s = number of qi’s = dim(K)/2 = r/2.
(6)
That is to say the index i takes value i = 1, 2, ..., r/2.
In this counting requirement, we have implicitly assume
that for a given m, the choice of {pi} and {qi} guaran-
tees that all particles nmi for i = 1, ..., r/2 are linearly
independent. Again, we only consider cases with even
r. Here the choice of the sets {pi} and {qi} is subject
to an equivalence relation. For any integer matrix W
with det(W ) = 1, we can define new sets of {p′i} and
{q′i} by the linear transformation p′j =
∑
iWijpi and
4q′j =
∑
iWijqi so that the condensed particle {n′(m)i } de-
fined by the new sets satisfy n
′(m)
j =
∑
iWijn
(m)
i . It is
obvious that the condensation of {n′(m)i } is equivalent to
that of {n(m)i }. Therefore, the choice of sets {pi} and {qi}
is defined modular a linear transformation by an integer
uni-determinat matrix W .
To summarize the general frame work of this construc-
tion, we start with layers of 2D Abelian topological states
with each layer described by a K-matrix theory. Then, in
order to couple the layer together to form a 3D topolog-
ical state, we turn on the condensation of the particles
of the form given in Eq. (3) which is determined by the
sets {pi} and {qi} that satisfy the null conditions in Eq.
(4) and the counting requirements in Eq. (6). Before
we move on to more detailed analysis of the layer con-
struction, a couple of comments are in order. Firstly,
we argue that the layer construction indeed generate a
genuine 3D state. The reasons for this is the following:
1) It is shown in Ref. 51–53 that the condensation of
the null particles can be induced by introducing coupling
using only local variables. Here the locality is under-
stood in the 2D sense; 2) We only condense composite
particles that live in two consecutive layers. Therefore,
the locality in the z direction is also guaranteed; 3) The
condensation of each quasi-particle is a phase transistion
from one gapped state to another gapped state. There-
fore, the resulting states of the layer construction should
also be a gapped 3D state; 4) The requirements, includ-
ing Eq. (4) and (6) on the defining data K, {pi} and
{qi} do not depend on the number of layers L, and the
number of condensed null particles nmi is always equal to
dim(K)/2. The 3D states constructed this way is stable
in the thermodynamical limit and the remaining degrees
of freedom under the condensation will not increase as
L → ∞. Secondly, these layer constructed 3D states do
have topologically non-trivial properties. It is straight-
forward to see (from Eq. (4)) that, for the open boundary
condition, the particle set {qi} ({pi}) is deconfined on the
top (bottom) surface as in shown in Fig. 1 (b). Such 3D
states can host 2D topological order on its surface, which
is similar to the Walker-Wang model with a modular ten-
sor category32,33. Later, we will see that depending on
the choice of {pi} and {qi}, we can also have deconfined
particles in the 3D bulk that organize themselves to form
3D topological orders. In the following sections, we will
introduce rigorous results and examples of 3D topological
state using the layer construction.
III. 3D STATES WITH PURELY SURFACE
TOPOLOGICAL ORDER
In this section, we will first introduce a series of ex-
amples of 3D states with purely surface topological order
(and no bulk topological order). Then we will discuss
the general criteria for the construction of 3D states with
purely surface topological orders and a Hamiltonian for-
pi
qi pi
qi pi
qi pi
qi top
bottom 
condensed particles deconfined paticles
X
(a) (b)
FIG. 1: (a) Each line represents a layer of 2D Abelian topo-
logical state, and each brown circle represents a composite
particle, the condensation of which will introduce the cou-
pling between layers. Here each composite particle lives only
in two consecutive layers, and the component of the particle
in upper and lower layers is given by pi’s and qi, respectively.
(b) For open boundary system in the z direction, qi’s (pi’s) are
deconfined particles on the top (bottom) surface which will
form surface topological order. Depending on the choice of
{pi} and {qi}, there can be deconfined particles (represented
by “X”) in the 3D bulk that organize themselves to form 3D
topological orders.
malism for their surface topological orders.
A. Example: Coupled Layers of the Zp Toric Code
with Non-Trivial Surface Topological Order
Ref. 46 provides a layer constructed model of 3D
bosonic topologial insulartor with time-reversal invari-
ant gapped surface states. Motivated by this example,
we study the generalization of it and obtain a series of
layer constructed models with interesting topologically
ordered surfaces. Let’s consider the stacked layers of Zp
toric code theory. Each layer of Zp toric code theory can
be described by the K-matrix theory10,11,56 with
KZp =
Å
0 p
p 0
ã
. (7)
There are two types of elementary quasi-particles in the
Zp toric code: the electric particle (1, 0)
T (which will also
be labelled as the e particles) and the magnetic particle
(0, 1)T (which will also be labelled as the m particles).
In the stacked layer theory, the null particles we choose
to condense take the following form:
(1, 1)T ⊗ en + (1, 0)T ⊗ en+1 + (1,−1)T ⊗ en+2, (8)
which is the composite particles of e + m, e and e −m
in three consecutive layers, as is shown in Fig. 2 (a). Al-
though we consider composite particles that live in three
consecutive layers, we can still recast this type of theory
back to the general setting described in Sec. II by view-
ing two layers of Zp toric code as one single layer of 2D
Abelian topological state. For simplicity of the discussion
in this case, we will stick with the current description.
One can check that with the particles of the form in Eq.
5(8) condensed, there is no deconfined particle in the 3D
bulk when p ≡ 1, 2(mod3). This can be directly verified
by exhausting the possible forms of bulk particles and by
noticing that all the particles that are not confined can
be viewed as composite particles of the condensed ones.
In Sec. III B, we will introduce a more general argument
which leads to the same conclusion when applied to this
case. When p ≡ 1, 2(mod3), the only deconfined particles
live on the open surface. The surface deconfined particles
take the form:
α1(1,−1)T ⊗ e1 + α2((1, 0)T ⊗ e1 + (1,−1)T ⊗ e2), (9)
where α1,2 = 1, 2, ..., p. Therefore, we can use a 2-
component integer vector α = (α1, α2). The two gen-
erators of these deconfined surface particles are shown in
Fig. 2 (b). The topological spin of the particle α can be
calculated using the original K-matrix:
θα = −2pi
p
(α21 + α1α2 + α
2
2).
= piαTMα, (10)
where the second line is written in a matrix form with
M = −1
p
Å
2 1
1 2
ã
. (11)
The braiding statistics of particle α and β is given by
θαβ = −2pi
p
(2α1β1 + α1β2 + α2β1 + 2α2β2)
= 2piαTMβ. (12)
Since all the surface particles are Abelian, their quantum
dimensions are dα = 1. There are p
2 deconfined parti-
cles on the surface. We expect the surface topological
order to have total quantum dimension D = p. For a 2D
topological state, the chiral central charge c, is related
to the quantum dimension and topological spins by the
following formula57:
De 2piic8 =
∑
α
dαe
iθα . (13)
Therefore, we can calculate the chiral central charge for
these surface topological orders with D = p:
c ≡ 0(mod8), for p ≡ 1(mod3), (14)
c ≡ 4(mod8), for p ≡ 2(mod3). (15)
From this result, we see that, for p ≡ 2(mod3), the sur-
face topological state has to have chiral topological or-
der. This result is quite non-trivial because we start
with layers of Zp toric code that are non-chiral. Simi-
lar situation can also be found using the Walker-Wang
construction32,33. Also, for the special case with p = 2,
the resulting chiral surface topological state is the so-
called Z2 three-fermion state with chiral central charge
c = 4. When realized in 2D, the corresponding the K-
matrix is the Cartan matrix of SO(8):
KSO(8) =
Ö
2 −1 −1 −1
−1 2 0 0
−1 0 2 0
−1 0 0 2
è
. (16)
This specific state is also a realization of the symme-
try preserving surface topological state of a time-reversal
invariant bosonic topological insulator46. To our knowl-
edge, the chiral topological order for the cases with p > 2
are not well-studied before.
The case with p ≡ 0(mod3) requires a more careful
treatment. The set of quasi-particles that are deconfined
on the surface is still given by Eq. (12), but the naive
application of Eq. (13) will fail in this case. That is
because other than the trivial particle α = (0, 0), there
are two other particles (p/3, p/3) and (2p/3, 2p/3) that
do not have any non-trivial braiding statistics with any
other surface deconfined particles. Therefore, the sur-
face theory is not modular if we include all p2 particles
label by (α1, α2) with α1,2 = 1, ..., p. The simplest way to
remedy this problem is to take the quotient of the p2 par-
ticles by the three “local” particles (0, 0), (p/3, p/3) and
(2p/3, 2p/3). Then, we end up with a theory of p2/3 par-
ticles, namely the total quantum dimension D = p/√3.
Using the formula Eq. (13), we obtain that
c ≡ −2(mod8), for p ≡ 0(mod3). (17)
Again, we see that the surface topological order is chiral.
For the simplest case with p = 3, the surface topological
order of the quotient theory is the time reversal copy of
the U(1)3 Chern-Simons theory with the K-matrix given
by
Ksurfp=3 = −
Å
2 1
1 2
ã
. (18)
In fact, rather than just a mathematical trick, the quo-
tient does carry physical meanings. The particles that
are mod out from the surface theory are a subgroup of
particles generated by (p/3, p/3). Written in the stacked-
layer theory language, (p/3, p/3) takes the form:
(2p/3,−p/3)T ⊗ e1 + (p/3,−p/3)T ⊗ e2. (19)
In fact, we notice that the particles (2p/3,−p/3)T ⊗en+
(p/3,−p/3)T ⊗ en+1 for ∀n are deconfined. Therefore,
we should identify them as one type of bulk deconfined
point particle (at different positions in the z direction).
This deconfined bulk particle will become the one of the
constituents of the 3D bulk topological order. Therefore
when we consider the surface topological order, this type
of particles should not be included. In the next section,
we will come back to this example to study its bulk topo-
logical order. To summarize this series of examples, we
6e+m
e-m
e e+m
e-m
e
e -m e
e -m
condensed particles deconfined paticles (p0 mod 3)
(a) (b) top surface
No deconfined bulk particles
FIG. 2: (a) Illustration of the condensation of the composite
particle of e + m, e and e − m in three consecutive layers,
with each layer a Zp toric code state. (b) For p ≡ 1, 2 mod 3,
there is no deconfined particle in the 3D bulk. The deconfined
particles only stay on the surface, which are generated by two
elementary particles shown in the green circles. (The case of
p ≡ 0 mod 3 is discussed later in Fig. 7.)
have obtain the surface topological order with
D = p√
3
and c ≡ −2(mod8), for p ≡ 0(mod3);
D = p and c ≡ 0(mod8), for p ≡ 1(mod3);
D = p and c ≡ 4(mod8), for p ≡ 2(mod3). (20)
For p ≡ 1, 2(mod3), the 3D bulk is a trivial 3D gapped
state. For p ≡ 0(mod3), the bulk state has 3D topo-
logical order. It would be interesting to work out the
effective K-matrix for the surface topological states for
all p, especially the chiral ones, but this is beyond the
scope of this paper and will be left for future works.
B. General Criteria for 3D States with Purely
Surface Topological Order
In Sec. III A, we’ve given a series of examples (for
p ≡ 1, 2(mod3)) of 3D states with 2D surface topolog-
ical order and trivial 3D bulk topological order using
the layer construction. In this part of the discussion, we
will provide a general criteria for the construction of 3D
states with purely surface topological order and trivial
bulk topological order.
We denote the quasi-particle lattices generated by
{pi}, {qi} and {pi} ∪ {qi} as Γ{pi},Γ{qi} and Γ{pi}∪{qi},
and the local-particle lattice generated by the column
vectors of the K-matrix K as ΓK . Notice that the lattice
of all quasi-particles is given by the integer lattice Zr.
Then we have the following theorem:
• If Γ{pi}∪{qi} = Zr modulo ΓK and the overlap of
Γ{pi} and Γ{qi} is trivial, i.e. Γ{pi}
⋂
Γ{qi} =
∅ modulo ΓK , the resulting 3D states from the
layer construction have only 2D surface topologi-
cal order and trivial 3D topological order.
One can check that the examples discussed in the pre-
vious subsection satisfy the condition of this theorem
when p = 1, 2 and, therefore, only admits purely surface
topological order. The proof of this theorem is the follow-
ing. Suppose we start with a stack of L layers and turn on
the coupling between the layers (assuming open bound-
ary condition in the z direction) to form a 3D gapped
state, as described in Sec. II. As is discussed in Sec. II,
the 3D states from the layer construction always havej
deconfined surface particle if we consider open boundary
condition. Therefore we only need to prove that there is
no non-trivial deconfined excitation in the bulk and thus
no bulk topological order. If there is a deconfined parti-
cle living in the mth1 layer and the m
th
2 layer in the bulk,
we can always denote it as Xm1,m2 =
∑m2
m=m1
xm ⊗ em
with 1 ≤ m1 ≤ m2 ≤ L. Without the loss of generality,
we can also assume that in this notation xm 6= 0. There
are 4 possible situations that need to be discussed sepa-
rately: i) 1 < m1 ≤ m2 < L; ii) 1 = m1 ≤ m2 < L; iii)
1 < m1 ≤ m2 = L and iv) (m1,m2) = (1, L). We are
going to rule out the 4 possibilities one by one.
For the situation i), if there exist a deconfined particle
Xm1,m2 with 1 < m1,m2 < L for the open boundary (in
the z direction) system, this particle will stay deconfined
even when one introduces the the coupling between the
top and bottom layers by the condensation of the com-
posite particles pi ⊗ eL + qi ⊗ e1, i = 1, ..., r/2. However,
since Γ{pi}
⋂
Γ{qi} = ∅ modulo ΓK , all condensed null
particles {n(m)i }m=1,...,Li=1,..,r/2 for the periodic system are lin-
early independent. The number of these condensed null
particles is equal to dim(K)/2. Thus, from the result in
Ref. 51–53, there should be no deconfined particle (other
than the condensed ones) left in the condensate. There-
fore, deconfined particles Xm1,m2 with 1 < m1,m2 < L
should not exist.
For the situation ii), we consider deconfined particles
of the form X1,m2 with m2 < L. The trivial statistics
between X1,m2 and the condensed particles, especially
n
(m2)
i (see Fig. 3), implies that xm2 , as a single layer par-
ticle, braids trivially with all the pi’s. Since Γ{pi}∪{qi} =
Zr modulo ΓK , we can expand xm2 using in the basis of
{pi} ∪ {qi}, namely xm2 =
∑
i(a
(m2)
i pi + b
(m2)
i qi).
We will show that the
∑
i a
(m2)
i pi part of this expan-
sion is 0 modulo local particles. Since xm2 is a single
layer particle that has trivial braiding statistics with all
the pi’s and all the qi’s also braids trivially with the pi
particles in the single theory (see Eq. (4)), the single
layer particle
∑
i a
(m2)
i pi should also braid trivially with
all the particle pi’s. Therefore, from Eq. (4), we notice
that the particles (
∑
i a
(m2)
i pi)⊗ em with ∀m are decon-
fined even for the system with periodic boundary con-
dition. As is explained in the previous situation, this is
impossible unless (
∑
i a
(m2)
i pi)⊗ em’s are local particles.
Given this, we can consider the fusion between
the particle X1,m2 with the condensed particle
−∑i b(m2)i n(m2−1)i , which does not change the nature
of X1,m2 in the condensate. Now notice that X1,m2 −∑
i b
(m2)
i n
(m2−1)
i is effectively a particle that lives in be-
tween the 1st and m2− 1th layers, therefore can be iden-
7tified as X˜1,m2−1. By iterating this argument, we can
conclude that all deconfined quasi-particles for the situ-
ation ii) are equivalent to quasi-particles X1,1 living at
the top surface combined with a chain of condensed par-
ticles. Further, all the deconfined particles X1,1 have to
be decomposed into linear combinations of qi’s on the top
surface. Using similar analysis, we can also show, for the
situation iii), that the only possible non-trivial decon-
fined quasi-particles for the situation ii) are the XL,L’s
and, therefore, are quasi-particles that live only on the
bottom surface. Also, all the deconfined particles XL,L
have to be decomposed into linear combinations of pi’s
on the bottom surface.
For the situation iv), we focus on the deconfined par-
ticles of the form X1,L. As is discussed above, we can
decompose the Lth layer component xL of the X1,L into
xL =
∑
i(a
(L)
i pi+b
(L)
i qi), so there exists a deconfined par-
ticle X ′1,L−1 such that X1,L = X
′
1,L−1 +
∑
i b
(L)
i n
(L−1)
i +∑
i a
(L)
i pi ⊗ eL. One can view this as the definition of
X ′1,L−1. The deconfinement of X
′
1,L−1 follows from the
fact that X1,L and
∑
i a
(L)
i pi⊗ eL deconfines in the open
system, and
∑
i b
(L)
i n
(L−1)
i is condensed. For the de-
confined particle X ′1,L−1, the discussion on the situation
ii) already shows that, modulo the condensed particles,
X ′1,L−1 should be identified as X˜
′
1,1, and therefore as a
deconfined particle on the top surface. Thus, the decon-
fined particle X1,L can always be identified as a trivial
composition of the a top surface deconfined particle X˜ ′1,1
and a bottom surface deconfined particle
∑
i a
(L)
i pi⊗ eL.
Combining the discussion from situation i) to iv), we
conclude that, when Γ{pi}
⋂
Γ{qi} = ∅ modulo ΓK and
Γ{pi}∪{qi} = Zr modulo ΓK , the layer constructed 3D
state only admits non-trivial deconfined quasi-particles
on its surface, and therefore only admits surface topolog-
ical order. The absence of deconfined bulk quasi-particle
indicates the trivialness of the topological properties in
the 3D bulk. Also, the discussion of situation ii) and iii)
further shows that, with open boundary condition, the
only possible excitation on the top (bottom) surface is
given by the particle set Γ{qi} (Γ{pi}). Therefore, the
surface topological order on the top (bottom) surface is
completely determined by the set Γ{qi} (Γ{pi}) and the
braiding statistics within it.
C. Surface Topological Orders on Different
Surfaces
Having introduced the general criteria for 3D states
with purely surface topological order from the layer con-
struction, we will study the surface topological order
on the top, bottom and, especially, the side surface in
greater details in the following. As a method to build
3D gapped states, the layer construction is strongly
anisotropic. This anisotropy will manifest itself when
we consider a layer-constructed system with finite size
xm2-1
xm2
xm2-2
pi
qi
FIG. 3: In the discussion of situation ii) (see text), we con-
sider the braiding between a deconfined particle X1,m2 (green
circle) with a condensed null particle n
(m2)
i (brown circle).
in both z and y directions (Remember that the x and
y directions are equivalent in our description). The side
surface appears to be significantly different from the top
and bottom surfaces. We will show that, despite of the
superficial distinction among this surfaces, the surface
topological orders on them are, in fact, equivalent. The
implication of this result will be that the 3D states re-
sulted from the layer construction is topologically equiv-
alent to an isotropic 3D gapped phase. Our discussion
will still focus on the case with purely surface topological
order.
We start by comparing the surface topological order
on the top and bottom surfaces for the system with
open boundary along the z direction. As is discussed
in Sec. III B, quasi-particles of the surface topologi-
cal order is given by Γ{qi} for the top surface and by
Γ{pi} for the bottom surface. From the null condition
−pTi K−1pj = qTi K−1qj ,∀i, j in Eq. (4), we can establish
a one-to-one correspondence between the sets Γ{qi} and
Γ{pi}, such that the braiding statistics in the set Γ{qi}
is exactly the conjugate of that in Γ{pi}. The braid-
ing statistics discussed here is calculated with respect
to a certain normal direction of the layers, which is the
+z direction in this case. The +z direction is a natural
choice of the normal direction of the top surface, but is
opposite to the normal direction of the bottom surface
induced by the bulk. Consequently, taking the change of
normal direction into account, we need to calculate the
braiding statistics using the opposite K-matrix for the
two surfaces. Therefore, the null condition
−pTi K−1pj = qTi K−1qj ,∀i, j (21)
is exactly the condition for the equivalence between the
top and bottom surface topological orders.
Having establish the equivalence of top and bottom
surfaces, we can move onto the discussion of the surface
topological order on the side surface. First, let’s briefly
review the edge theory of a 2D Abelian topological state
with a K-matrix K and its behavior under quasi-particle
condensation. The edge state of a 2D Abelian topological
state with the K-matrix K is described by the 1 + 1D
8chiral Luttinger liquid theory58:
LCL = KIJ
4pi
∂xφ
I∂tφ
J − VIJ∂xφI∂xφJ , (22)
where V the velocity matrix. Suppose the 2D bulk is in
the condensed phase of a set of particles {ni} that satis-
fies nTi K
−1nj = 0,∀i, j. The condensation is induced by
turning on extra coupling terms in chiral Luttinger liquid
on the edge51–53:
δLcond =
∑
i
−gi cos(cinTi φ), (23)
where gi’s are the coupling constants and ci ∈ Z is the
minimal integer, for each i, such that eicin
T
i φ only cre-
ate/annihilate a local particle. Here we’ve already or-
ganized the φI ’s into a column vector φ. Since e
icin
T
i φ
is a local operator, the δLcond only involves local terms
and, therefore, can be written as a local coupling using
the microscopic degrees of freedom. Notice that the com-
mutation relations between nTi φ’s (with different i’s) are
trivial in the chiral Luttinger liquid theory:
[nTi φ, n
T
j φ] = 0, ∀ i, j. (24)
Therefore, in the deep condensation limit with gi → ∞,
the coupling term δLcond force the fields nTi φ to develop
non-zero vacuum expectation values:
〈nTi φ〉 6= 0. (25)
If the number of fields nTi φ equals dim(K)/2, then edge
theory becomes fully gapped in the condensed phase.
Now we will use this language to describe the topo-
logical order on the side surface of the layer-constructed
3D state with purely surface topological order. Before
we introduce the condensation that couples the layers,
the side surface of the stacked layer is described by the
Lagrangian density:
LsideCL =
∑
m
1
4pi
Ä
∂xΦ
(m)
äT
K
Ä
∂tΦ
(m)
ä
−
Ä
∂xΦ
(m)
äT
V
Ä
∂xΦ
(m)
ä
, (26)
where Φ(m) is the r-component (remember r = dim(K))
chiral boson field on the edge of the mth layer and V
is the velocity matrix for each layer. By quantizing this
theory, we obtain the commutation relation of the boson
fields:
[∂xΦ
(m)
I (x),Φ
(n)
J (y)] = −i2pi(K−1)IJδ(x− y)δn,m. (27)
The condensation of the particles {n(m)i } that couple
the layers also introduces the coupling in the chiral edge
mode:
δLcond =
∑
i,m
−gm,i cos
Ä
li(p
T
i Φ
(m) + qTi Φ
(m+1))
ä
, (28)
where gm,i’s are the coupling constants, and li ∈ Z the
minimal integer which ensure the locality of the operator
eili(p
T
i Φ
(m)+qTi Φ
(m+1)). That is to say eili(p
T
i Φ
(m)+qTi Φ
(m+1))
is the creation/annihilation operator of a local particle.
This means that the layer construction can, in principal,
be implemented by coupling the microscopic degrees of
freedom without using non-local terms.
From the canonical quantization of the chiral Luttinger
theory Eq. (26) and the null condition Eq. (4), we see
that the fields in the cos terms have trivial commutation
relations:
[(pTi Φ
(m) + qTi Φ
(m+1)), (pTj Φ
(n) + qTj Φ
(n+1))] = 0, ∀i, j,m, n.
(29)
Therefore, at the strong coupling limit gm,i → ∞, the
fields (pTi Φ
(m) + qTi Φ
(m+1)) will develop non-trivial vac-
uum expectation value, namely
〈pTi Φ(m) + qTi Φ(m+1)〉 6= 0. (30)
In the following, we will denote the field pTi Φ
(m) +
qTi Φ
(m+1) as Λ
m+1/2
i .
Now we can use this formalism to study the topological
order on the side surface. From the Lagrangian density
in Eq. (26) and Eq. (28), we notice that we are in fact
solving a problem of coupled array of 1D wires. Similar
coupled wire systems that exhibits 2D topological order
were studied in Ref. 47–49. The building blocks of these
systems are 1D wires of normal Luttinger liquids. For
our problem, we are considering the coupled arrays of
fractionalized 1D wires which are the edge states of the
2D Abelian topological orders, as is shown in Fig. 4 (a).
To identify the topological order on the side surface,
we need to identify the non-trivial quasi-particles and
their statistics. Deep in the condensed phase, the fields
Λ
m+1/2
i only fluctuate very weakly around its vacuum
expectation value which are pinned by the cos terms in
Eq. (28). In fact, the cos terms create multiple degener-
ate minima for the fields Λ
m+1/2
i . The domain walls, or
kinks, of 〈Λm+1/2i 〉 between different minima are topolog-
ically stable excitations and will be identified as topologi-
cal quasi-particles on the side surface. We can start from
the configuration with all 〈Λm+1/2i 〉0 uniform. The op-
erator eip
T
j Φ
(m)(x) creates a series of kinks in 〈Λm+1/2i 〉,
i = 1, ..., r/2 (see Fig. 4 (b)), such that the vacuum
expectation values of 〈Λm+1/2i (x)〉 on the right and left
sides of eip
T
j Φ
(m)(x) differ by
∆Λij = 2pip
T
i K
−1pj . (31)
We will identify the eip
T
j Φ
(m)(x) as the creation operator
of a quasi-particle, denoted wj , on the side surface. Since
the kinks created by eip
T
j Φ
m(x) are the domain walls of
〈Λm+1/2i (x)〉, we would like to think of this quasi-particle
wj as residing in the m+ 1/2
th layer. The quasi-particle
9~ exp i(p j + q j )T (m)( )
i
(m 1/2)
i
(m+1/2)
i
(m+1/2) + ij
i
(m 1/2)
ij
~ exp(ip jT (m))
i
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i
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FIG. 4: (a) The condensation in the 3D bulk induces a cou-
pling between the edge states of each layer. The side surface is
effectively a coupled wire system. In the strong coupling limit,
the vacuum expectation values 〈Λm+1/2i 〉0 are pinned to the
minima determined by the cos terms in Eq. (28). The color-
ing on the right hand side indicates non-trivial, but uniform
〈Λm±1/2i 〉0 on the side surface. (b) The operator eip
T
j Φ
m(x)
creates a collection of kinks (depicted as the change in color)
in 〈Λm+1/2i (x)〉, which will be identified as a topological quasi-
particle wj on the m + 1/2
th layer of the side surface. (c)
The operator χmj creates a kink-anti-kink pair that effectively
tunnels the quasi-particle wj from the m− 1/2th layer to the
m+ 1/2th layer.
i
(m 1/2)
0
i
(m+1/2)
0 i
(m+1/2)
0
+ ij
i
(m+3/2)
0
~ exp(ip jT (m))
k
m '
~
FIG. 5: This figure illustrates the braiding between two
quasi-particles of the surface topological order on the side
surface. The blue dot represent the quasi-particle wj created
by the operator eip
T
j Φ
(m). The red line represents the trajec-
tory of the second quasi-particle wk that the first one braids
with. The operators that tunnel wk along the trajectory is
explained in the main text. Especially, the vertical tunnel
operator from the m′th layer to the m′ + 1th is given by χm
′
k .
wj can tunnel between the m−1/2th layer and m+1/2th
layer, which is implemented by the tunneling operator:
χmj = e
i(pTj +q
T
j )Φ
m(x). (32)
The operator χmj creates simultaneously a kink in
〈Λm+1/2i (x)〉 and an anti-kink in 〈Λm−1/2i (x)〉 as is shown
in Fig. 4 (c). It is straightforward to show that, in the
strong coupling limit,
χm+1j e
ipTj Φ
(m)(x) = ei〈Λ
m+1/2
j
(x)〉eip
T
j Φ
(m+1)(x), (33)
which means that the operator χmj tunnels the quasi-
particle wj from the m−1/2th layer to the m+1/2th layer
and, more importantly, with a phase factor ei〈Λ
m+1/2
j
(x)〉.
We will show that this phase factor will give rise to the
braiding statistics of the quasi-particles on the side sur-
face. We can consider the configuration with a quasi-
particle wj on the m+ 1/2
th layer created by the opera-
tor eip
T
j Φ
(m)(x), as is shown in Fig. 5. A close path of the
quasi-particle wk is depicted as the red line. The hori-
zontal tunneling of the quasi-particle wk in the uniform
backgrounds of 〈Λm−1/2i (x)〉0 and 〈Λm+3/2i (x)〉0 does not
produce any non-trivial phase factor. The vertical tun-
neling between the layers through the operator χm
′
k ’s, as
is shown in Eq. (33), does carry non-trivial phase factors.
Due the existence of the kinks in 〈Λm+1/2i (x)〉, the net
phase, which is viewed as the braiding phase between the
quasi-particle wj and wk, is non-zero and is given by:
Bjk = e
−i∆Λjk = e−2piip
T
j K
−1pk . (34)
Therefore, by identifying the quasi-particle wi on the side
surface with the deconfined particle pi on the bottom sur-
face, we conclude that topological order on the side sur-
face is the same as the one on the bottom surface. Fur-
thermore, by noticing that the operators eip
T
j Φ
(m)(x) and
e−iq
T
j Φ
(m+1)(x) create exactly the same kink configuration
on the side surface, we can also show the equivalence of
the side surface and the top surface through the same
analysis.
IV. 3D TOPOLOGICALLY ORDERED STATES
In this section, we will focus on the layer construc-
tion of 3D topologically ordered states. In Sec. III B,
we have introduced the general criteria for the construc-
tion of a 3D gapped state with trivial bulk topological
order. When this criterion is not satisfied, we will gener-
ically have bulk deconfined excitations, which will orga-
nize themselves to form 3D topological order. Unlike the
topological order in 2D which is fully characterized by the
modular tensor category theory, the general structure of
3D topological order is not yet known completely. The
layer construction provides a method to construct 3D
topological ordered gapped states that will shed light on
the potential structure for a generic 3D topological order.
In this section, we will consider three types of different
examples of three dimensional topological order. Firstly,
we will introduce the construction of conventional topo-
logical order with particle-string mutual statistics that
resembles the Zp lattice gauge theory in 3 spatial di-
mensions. Secondly, we will construct an example with
3D topological order with coexisting surface topological
order. Thirdly, we will consider a more non-trivial ex-
ample with braiding statistics not only between particles
and strings but also between different types of strings.
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A. Conventional 3D Topological Order
To construct 3D gapped state with the conventional
3D topological order of 3D Zp lattice gauge theory, we
start with layers of Zp toric code with the K-matrix:
KZp =
Å
0 p
p 0
ã
. (35)
We choose
p1 = (1, 0)
T , q1 = −(1, 0)T . (36)
The condensed particles are illustrated in the Fig. 6 (a).
This condensation can be understood as an “exciton con-
densate”, in which the electric particle in each layer, i.e.
(1, 0)⊗ em ∀m, deconfined.
e = (1, 0)
T ⊗ em. (37)
This electric particle e can hop between the layer
through the fusion with the condensed “excitons”. Since
spin of the electric particle e is 0, it is a boson in the
3D system. Besides the deconfined electric particle, the
other type of deconfined excitation is the string excita-
tion which is composed of the magnetic particle m in the
each layer, i.e
m-string =
∑
m
(0, 1)T ⊗ em, (38)
as is shown in Fig. 6 (b). So far, we’ve only considered
the string excitations that orient along the z-direction.
String excitations can in fact take, especially in the con-
tinuum limit, any orientations with their excitation en-
ergy proportional to their length. We can consider con-
tractible strings of finite size as depicted in Fig. 6 (b).
From the K-matrix, it is easy to see that the braiding
statistics between the electric particle and the magnetic
string is
θe,m−string = 2pi/p. (39)
This statistical phase is independent from the location
of the point-like particle e. By comparing with the 3D
Zp lattice gauge theory, the deconfined electric particle
can be identified as the electric particle in the Zp gauge
theory, while the magnetic string can be identified as the
magnetic flux string. These two types of deconfined ex-
citation and their mutual statistics give rise to the topo-
logical order in 3D. In this example, the layer construc-
tion studies the anisotropic limit of the Zp gauge the-
ory in which the m-string always orient itself along the
z-direction. The string excitation can actually take arbi-
trary shape, and its energy is always linearly proportional
to its length. The statistics between the point particles
and string excitations should not depend on the shape
of the string. Therefore, the layer construction faithfully
captures the topological properties of 3D lattice gauge
theory.
Now, we can consider a variation of this case with a
topological twist in each layer. For the convenience of
the discussion, we will assume that p is a prime number
such that Zp is a field, namely s
−1 ∈ Zp,∀s ∈ Zp. In the
following, we will use s−1 to denote the integer whose
product with s is 1 modulo p. For a given s ∈ Zp, we
consider the condensate defined by
p1 = (1, 0)
T , q1 = −(s, 0)T . (40)
The condensed particles in this case are shown in Fig. 6
(c). It is easy to see that the e particle in each layer is
still deconfined. It will be identified as a type of point
particle in the 3D state. The hopping of e particles be-
tween layers is still implemented through the fusion with
the condensed particles. We see that in this hopping pro-
cess an e particle of the mth layer turns into a se particle
of m + 1th layer. We can understand this process as a
hopping of the e particle followed by a symmetric twist.
To be more precise, for Zp toric code theory, the topolog-
ical properties of the theory, namely the braiding statis-
tics, fusion rules, are invariant under the map generated
by e → se, m → s−1m. This mapping is a symmetry
of the Zp toric code as far as the topological properties
are concerned. We will call this symmetry action as the
symmetric twist. The hopping process in this case is the
hopping of the e particle under one layer to the other
followed by the symmetric twist e→ se, m→ s−1m.
Based on this understanding, one should expect that
the topological order obtained in the case is the same as
the untwisted case. Indeed, in this twisted case, there is
a twisted version of the m-string (see Fig. 6 (d)) which
is given by
′m-string =
∑
m
(0, s−m)⊗ em. (41)
We pick the unit of point-like excitation and string-like
excitation to be the ones shown in Fig. 6 (d). Their
mutual braiding statistics is given by
θ′e,m−string = 2pi/p. (42)
This is the same as the untwisted case. Also, we see that
the hopping of the e-particle between the layers is com-
patible with its braiding with the twisted m-string. So
far, the analysis indicates that the local properties of the
twisted case are the same as those of the untwisted one.
However, these analysis is done for an infinite system or a
system with open boundaries. When we consider periodic
boundary condition in the z-direction, the twisted case
automatically generates a monodromy when we consider
the hopping of the electric particle along the non-trivial
cycle along the z-direction. To be more precise, an elec-
tric particle e becomes the particle sLe after traversing
along the z-direction cycle, where L is the number of lay-
ers in the system. The twist generated by the condensed
particle particle can be undone locally by considering the
symmetric twist generated by e→ s−le and m→ slm for
the lth layer. Then the system with a periodic boundary
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condition is equivalently described by the stacked lay-
ers of Zp toric code with following condensed particles:
(1, 0)T ⊗ em + (1, 0)T ⊗ em + 1 with m = 1, .., L− 1 and
(s−L, 0)T ⊗eL+(1, 0)T ⊗e1. The system is locally equiv-
alently to the untwisted case, and the twist along the
z-direction cycle is generated by the coupling between
the 1st and the Lth layer induced by the condensation
of the particle (s−L, 0)T ⊗ eL + (−1, 0)T ⊗ e1. Therefore
we can think of the twisted model as the conventional
3D Zp gauge theory with 2D membrane twist defect be-
tween the 1st and the Lth layer. (The notation of twist
defects in 2D and their properties are first studied in Ref.
59,60. Its generalization in 3D is first studied in Ref. 61.)
This membrane defect implements the symmetry twist
e → sLe in the 3D Zp gauge theory. Let’s look at the
ground state degeneracy (GSD) of this twisted model on
T 3. Assume that we also have periodic boundary condi-
tions along x and y directions. For the untwisted case,
we can study the Wilson loop operators Wx, Wy and Wz
that tunnel the e particle around the non-trivial cycles
along the x, y and z directions. The Wilson loop opera-
tors measure the magnetic flux in the non-trivial cycles
and can take p different values ei2pin/p, n = 1, ..., p for Zp
gauge field. Therefore, the untwisted system has p3 de-
generate ground states on T 3. For the twisted case, Wz
is not well-defined because the twist membrane render
the tunneling a cycle around the z direction un-closed
unless sL ≡ 1(mod p). Wx and Wy are still well-defined.
However, if we adiabatically move the tunneling path of
Wx(y) all together one cycle along the z direction, the
twist membrane generates a map: Wx(y) → W sLx(y). This
implies that the flux along the x(y) direction measured
by Wx(y) should be invariant under map, and therefore
can only take the flux value 1 unless sL ≡ 1(mod p).
Therefore, when sL 6≡ 1(mod p), the GSD on T 3 is 1.
For sL ≡ 1(mod p), the twist membrane only perfoms
a trivial twist which means the GSD on T 3 is the same
as the untwisted case. These results are summaried as
follows:
GSD on T 3 = 1, for sL 6≡ 1(mod p),
GSD on T 3 = p3, for sL ≡ 1(mod p). (43)
Therefore, we see that the twisted model has a different
behavior of the ground state degeneracy on T 3 from the
untwisted case.
B. Coexisting Bulk and Surface Toploogical Order
In Sec. III A, we discussed a construction using layers
of Zp toric codes with the condensed particles given by
Eq. (8) (see Fig. 2 (a)). As is explained there, for p
dividable by 3, there are two particles which have trivial
statistics (except the vacuum particle) with all the rest of
surface deconfined particles. One of them can be written
e
-e
condensed particles deconfined excitations
(a) (b)
e
m
m
m
m
m
...
...
e
-e
Convenctional 3D topological order
e
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condensed particles deconfined excitations
(c) (d)
e
s2m
s-2m
s-1m
m
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...
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e
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Twisted 3D topological order
m -m
m -m
m
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FIG. 6: (a) The condensation of e and −e composite in
the two consecutive layers in the system of stacked layers of
Zp toric codes. (b) The electric particle in each layer is a
deconfined particle that should be identified as the electric
particle in the 3D Zp lattice gauge theory. The string of m
particles in every layer is a deconfined string excitation which
can be viewed as the flux string in the Zp gauge theory. The
flux strings don’t have to align strictly along the z-direction.
Contractible flux string of finite size, as is shown in the figure,
can be considered. (c) A different set of condensed particles
in layers of Zp toric code, the condensation of which leads to
the twisted lattice gauge theory (see text). (d) The deconfined
particles in the twisted theory, including an electric particle
and the “twisted” flux string.
as
(p/3, p/3)T ⊗ e1 + (−p/3, p/3)T ⊗ e2. (44)
The other particle is a two-particle bound state of this
one. (This form is essentially equivalent to the expres-
sion given in Eq. (19).) After the quotient of all the
surface deconfined particles by these two particles, we
can consistently calculate the central charge of the sur-
face topological order. This implies that these two trivial
particles shouldn’t be considered as part of the surface
topological order. In fact, one can check that particles of
the form:
pt = (p/3, p/3)
T ⊗ em + (−p/3, p/3)T ⊗ em+1 (45)
are all deconfined. Therefore, this particle should be
viewed as a bulk deconfined point particle, which is a
generalization of the bulk deconfined electric particle in
the previous example. Again, the spin of the particle pt
is 0, so it is a boson in the 3D system. This is consistent
with the fact that any point particle in 3D should have
either bosonic or fermionic statistics. Similar to the pre-
vious example, there is also a type of deconfined string
excitation that takes the simple form of
str =
∑
m
(1, 0)T ⊗ e2m, (46)
which is shown in Fig. 7 (b). Naively, there is another
type of string-like deconfined excitation that take the
form of
∑
m(1, 0)
T ⊗ e2m+1. However, it can be iden-
tified as str fused with a string of condensed particles
and, therefore, is considered as topologically equivalent
to str. The braiding statistical angle between the decon-
fined point particle and the string excitation is
θpt,str = 2pi/3. (47)
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FIG. 7: (a) The condensed particle in the coupled Zp toric
code system. This case is the same as the case studied in
Sec. III A, but here we focus on the cases with p ≡ 0(mod3).
(b) The bulk deconfined excitations in this sytem. The one
on the left is a point particle while the one on the right is a
string excitation. They have non-trivial mutual statistics.
Therefore, the bulk topological order of this case is equiv-
alent to that of a 3D Z3 lattice gauge theory. However,
as is discussed in Sec. III, this system also hosts a surface
topological order with chiral central charge c ≡ 2(mod3)
on its open boundary. Therefore, it is a layer-constructed
system that has co-existing bulk and surface topological
order.
This situation can also be compared with the Walker-
Wang model32. The input data of the Walker-Wang
model is a braided tensor category. If the braided ten-
sor category (which describes a 2D topological order) is
modular, namely only the vacuum particle in this tensor
category braids trivially with all the rest of the quasi-
particles, the Walker-Wang model provides a construc-
tion of a 3D gapped state with trivial bulk topological
order but non-trivial surface topological order character-
ized by the input modular tensor category. If the input
data is only pre-modular, there will be, by definition,
transparent particles (other than the vacuum particle)
which braids trivially with all other particles. In the
Walker-Wang model associated to a pre-modular tensor
category, the transparent particles can propagate in the
bulk and become the quasi-particles of the 3D topologi-
cally ordered states. This scenario seems similar to the
case of our layer constructed model. For this model with
p ≡ 1, 2(mod3), the surface topological order studied in
Sec. III is modular and the 3D bulk has trivial topo-
logical order. For p ≡ 0(mod3), the deconfined particles
on the surface only forms a pre-modular tensor category.
If we quotient out the surface particles that braid triv-
ially with others, we get a consistent surface topological
order. Those particles indeed penetrate in the bulk and
form 3D topological order. Due to the similarity between
these two situations, one might want to conjecture that
the lattice model realizations of the layer construction
in these cases can be formulated using the Walker-Wang
model.
C. More Generic 3D Tolopological States with
String Braiding Statistics
Now we will consider a more generic situation. The
starting point is still stacked layers of Zp toric code. Here
we will first assume that p is a multiple of 4. For the
convenience of later discussions, we view two layers of Zp
toric codes as one single layer described by the K-matrix:
K0 =
Ö
0 p 0 0
p 0 0 0
0 0 0 p
0 0 p 0
è
(48)
For later convenience, we will denote the four generators
of all quasi-particles (1, 0, 0, 0)T , (0, 1, 0, 0)T , (0, 0, 1, 0)T
and (0, 0, 0, 1)T as c1, f1, c2 and f2. The condensed par-
ticles (see Fig. 8) are given by the data:
p1 = (1, 0, 2, 0)
T , q1 = (−1, 0,−2, 0);
p2 = (1, 2, 0,−1)T , q2 = (1,−2, 0, 1). (49)
In this condensate, there are two types of deconfined
point particles
c-pt = (1, 0, 2, 0)
T ⊗ em,
f-pt = (0, 0, 0, p/2)
T ⊗ em, ∀m (50)
as is shown in Fig. 8 (b). These point particles can hop
between the layers by fusion with condensed particles.
Their mutual statistics is trivial. There are also two dif-
ferent types of string excitations (Fig. 8 (b)) :
c-str =
∑
m
(0, 0, 1, 0)T ⊗ em,
f-str =
∑
m
(0, 0, 0, 1)T ⊗ em. (51)
The braiding statistics between the point particles and
string excitations are given by
θI,J = 2pi
Å
2/p 0
0 1/2
ã
, (52)
where I = 1, 2 stand for point particles c-pt and f-pt re-
spectively while J = 1, 2 stand for string excitations f-str
and c-str. More interestingly, from the expression of c-str
and f-str, it seems that these string excitations can also
have non-trivial mutual braiding statistics. Indeed, if the
system is periodic along the z-direction, the two types of
strings can wrap around the z-direction and their mutual
braiding phase is given by ωc-str,f-str = 2piL/p, where L
is the number of layers in the system. This result can
simply be obtained by looking the system from the z-
direction and viewing it as a quasi-2D system. From this
point of view, the two string excitations are simply point
particles in the 2D sense. Their braiding is also under-
stood as the braiding of particles in 2D. This analysis
only applies to vertical strings that wrap around the z
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FIG. 8: (a) The condensed particles for a more generic layer
constructed 3D state. Each layer contains two identical copies
of Zp toric code, with p a multiple of 4. c1,2 and f1,2 are the
charge and flux particles in the two Zp toric code system,
respectively. (b) The set of deconfined excitations, including
two types of point particles and two types of string excitations
with nontrivial mutual braiding.
direction cycle. We need to inspect further the string
braiding statistics for strings with finite size.
The strings with finite size can be constructed in the
same way as we did in Sec. IV A. Fig. 9 (a) illustrates
the construction of contractible strings of finite size for
the example system. Each plane represents a layer in the
layer construction. The particle contents of the string ex-
citations in each layer are shown. For example, the blue
string in Fig. 9 (a) represents the finite size version of the
deconfined excitation f-str, which is given by a line with
c2 in each of the 5 layers together with another line of
−c2 in each of the 5 layers. In general, an oriented string
is defined as a chain of particles by the following rule.
When the string crosses a plane and the direction of the
string is parallel (anti-parallel) to the normal direction
of the plane (which is zˆ direction in our example), a c2
(−c2) particle is assigned to the crossing point. The same
definition applies to the other type of string except for a
substitution of c2 with f2. In the following, we will refer
to the string consisting of c2 particles as the c-string, and
the other type as the f -string. It is straightforward to
see that these string are deformable. The deformation of
string along the xy plane is simply the change of position
of c2’s or f2’s within the layers. The deformation along
z-direction is achieved by pair creation or pair annihila-
tion of c2’s or f2’s. For example, if we fuse the c2 and
−c2 of f -string in the bottom layer in Fig. 9 (a), the
string effectively shrinks to a smaller size.
The braiding between two types of strings is defined
to be the process shown in Fig. 9 (b1-b4). Fig. 9 (b1) is
the overall action to the c-string (blue) to complete the
braiding with the f -string (orange). For the sake of clar-
ity, we’ve shown the decomposed steps in this action in
Fig. 9 (b2-b4). First, we expand the c-string and move it
past the f -string such that the f -string effectively passes
through the “inside” of c-string (Fig. 9 (b2)). Then, we
shrink the c-string and move it back through the inside
of the f -string (Fig. 9 (b3)). Once the c-string passes
through the f -string, we expand the c-string back to its
original size and move it back to the original position
(Fig. 9 (b4)). In fact, it is straightforward to show that
these type of braiding is always trivial for contractible
c-string and f -string. One can verify this by considering
the total phase that results from the braiding of the par-
ticles c2’s and f2’s in each layer during the braiding of
strings. The braiding phase between all the c2’s with all
the f2’s is exactly canceled by that between all the −c2’s
and all the −f2’s due to the opposite directions of the two
braid. This is consistent with the observation of Ref. 41
that the braiding between two contractible strings must
be trivial.
In order to obtain some non-trivial string braiding
statistics, we need to consider a system with an edge
dislocation and the c-string and f -string that are linked
with the edge dislocation (See Fig. 10 (a)). In the fol-
lowing, we will refer to the edge dislocation with a unit
Burgers vector as the d-string. The orientation of the d-
string is determined through the right-hand rule by the
normal direction of the surface that ends at the d-string.
Now, we can study the braiding process between the c-
string and the f -string, both of which are linked to a
d-string. Fig. 10 (b1) shows the overall action to the
c-string (blue) in the braiding process at presence of the
d-string. Fig. 10 (b2-b4) show the decomposed steps for
the braid. (Similar three-string braiding processes in ZkN
or ZN1×ZN2×ZN3×ZN4 gauge theory are considered in
Ref. 41–43.) In this process, the string braiding statis-
tics, which is given by the total braiding phase between
the quasi-particles that form these string, is
ωdc,f = θc2,f2 = 2pi/p, (53)
where θc2,f2 is the braid statistics of the c2 and f2 parti-
cles in a singe layer of the 2D topological state defined by
the K-matrix K0. More generally, if we consider a com-
posite string of nc c-strings and that of nf f -strings that
are both linked with an edge dislocation with Burgers
vector of length b, the string braiding statistics is given
by
b ncnfω
d
c,f = 2pincnfb/p. (54)
From Fig. 10 (a), it is easy to see that the net contribu-
tion to this phase ωdc,f is essentially given by the braiding
between the c2 particle and the f2 particle in the defected
layer. Compare to the braiding statistics between point
particles and string excitations in Eq. (52), when p is a
multiple of 4, the string braiding statistics ωdc,f is more
fractionalized. Thus, it cannot be removed by attach-
ing point particles to the strings. Also, the fact that
the d-string is an extrinsic defect rather than a dynami-
cal one does not undermine the topological protection of
the string braiding statistics ωdc,f either. That is because
throughout the braiding process, the d-string does not
have to move which means that no additional dynami-
cal phase because of the extrinsic nature of the d-string
should come in to play. Furthermore, the three-string
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FIG. 9: (a) The definition of c-string (blue) and f -string (orange). Each plane represents a layer of 2D topological state. The
convention on the orientation of the string is explained in the main text. (b1) The braiding process of the two strings. (b2-b4)
The braiding process shown in decomposed steps.
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FIG. 10: (a) The configuration of the c-string and the f -string that link with an edge dislocation (or a d-string) which is
indicated by the purple line. (b1) The braiding process of the c-string and f -string that are both linked with the d-string.
(b2-b4) show the decomposed steps in this braiding process.
braiding phase ωdc,f can be related to the braiding phase
ωc-str,f-str = 2piL/p between two vertical strings winding
around the torus, which we discussed at the beginning of
this subsection. An L layer system can be formally con-
sidered as a 0 layer system (vacuum) with an edge dislo-
cation in the xy plane at infinity with Burgers vector Lzˆ,
i.e. L d-strings at infinity.With periodic boundary condi-
tion, the c-strings and the f -string that wrap around the
nontrivial cycle in the z direction in fact have non-trivial
linking number with all of the L d-strings, and therefore,
have non-trivial string braiding statistics ωc-str,f-str that
is proportional to the number of layers L.
There is an alternative approach to compute the string-
string braiding statistics, which will be helpful for our
later discussion. To explain this approach, we consider
the string fusion and splitting process in similar way as
Ref. 41. When we consider our system as a multi-layer
2D system, the finite-size c-string and f -string are special
configurations of quasi-particles that live in some number
of layers. Therefore, their deformation and fusion can be
understood in term of the fusion of quasi-particles in the
2D theory. The specific type of deformation that we are
interested in is the deformation that change the number
of strings. Here, we will show that the string excitations
in the layer constructed system can also deform, espe-
cially split and fuse, without accumulating non-trivial
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FIG. 11: One c-string can be deformed and split into two
c-strings through the fusion of c2’s within the layers. The
reverse process can be viewed as the fusion between two c-
strings.
Berry’s phase. To demonstrate this, we can consider the
example shown in Fig. 11. One c-string can be split
into two independent c-strings by bringing two different
points on the string very close to each other and pinch-
ing this point off. In this process, we use nothing more
than the fusion rules of quasi-particles in each layer. In
the current setting, c2 in each layer is an Abelian par-
ticle with no spin. Therefore, the splitting process does
not have any non-trivial Berry’s phase associated with
it. One can also consider the reverse process of splitting,
which is the fusion of two c-strings. The same analysis is
also applicable to the f -strings.
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FIG. 12: (a-d) An alternative string braiding process that is topologically equivalent to that shown in Fig. 10. Upon fusion
and splitting the strings the process in (b) can be deformed to the combined process shown in (e-h). (i) shows the local
identification of string configuration under splitting and fusion which plays a central role in the re-interpretation of the process
shown in (b). The total Berry’s phase in the string braiding process equals the Berry’s phase in the process induced by the
braiding of the link Lc,f around the d-string, as is shown in (j)
Since for each layer of 2D topological state, the fusion
and braiding of quasi-particles are operations that com-
mute with each other, we argue that the string braiding
also commutes with string deformation including split-
ting and fusion of strings. To be more precise, we can
deform, split and fuse strings without changing the to-
tal Berry’s phase in the braiding of string as long as the
overall process remains topologically equivalent. Using
this argument, we can obtain a new view to the braid-
ing process (Fig. 10 (b1)) that we discussed above. The
braiding process is equivalent to the process shown in Fig.
12 (a-d). First, we pick an infinitesimal segment (the red
shaded area in Fig. 12(a)) of the c-string, and braid it
around the f -string without moving the rest of the c-
string. This action creates locally a link (yellow region)
and an anti-link (grey region). The link and anti-link
can annihilate each other if we bring them close together.
Now, instead of annihilation them together directly, we
bring the local link in the yellow region around the d-
string (Fig. 12(b)). We then annihilate the yellow and
the grey regions by bringing them together afterwards
(Fig. 12(c)). The whole process shown in Fig. 12 (a-d)
is topologically equivalent to the braiding of strings de-
fined in Fig. 10 (b1). We argue that in the combined
process of Fig. 12 (a-d), only the process in Fig. 12
(b) contributes to the non-trivial Berry’s phase . This is
because 1) The process shown in Fig. 12(a) only moves
an arbitrarily small segment and should not accumulate
any non-trivial Berry’s phase; and 2) The annihilation
between the yellow and grey regions also does not con-
tribute to the Berry’s phase since it can also be thought
of as bringing an infinitesimal segment of the c-string
around the f -string as we did in Fig. 12(a). Given that
all the non-trivial Berry’s phase comes from the process
Fig. 12 (b), we will re-interpret it using the fusion and
splitting of strings. As is shown in Fig. 12 (i), the strings
in the yellow region can be deformed, upon splitting and
fusion, to unlinked c-string and f -string accompanied by
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FIG. 13: (a) The configuration of the link Lc,f with the
quasi-particles associated with it in each layer. The layers
are horizontal which are not drawn in this figure. In this link
Lc,f , the c-string and the f -string have linking number 1.
Their orientation is indicated by the colored arrow (blue for
the c-string and orange for the f -string). (b) The operation
that brings the linked part of the two strings down by one
layer along the −z direction is a pi rotation of the part of the
link indicated by the grey dashed box.
a link Lc,f of linking number 1 between the c-string and
f -string. Therefore, the process shown in Fig. 12(b) is
equivalent to the combined process shown in Fig. 12(e-
h). Since the fusion and splitting do not produce non-
trivial Berry’s phase in this process, the total Berry’s
phase equals to the Berry’s phase ΩdLc,f of braiding the
link Lc,f around the the d-string. The analysis above can
be summarized by the equation:
ωdc,f = Ω
d
Lc,f
. (55)
In the analysis above, for the sake of generality, we’ve
implicitly assumed that the c-strings and f -strings can
be considered as continuous object in the space. We ex-
pect that its validity still holds even when the space is
discrete. In fact, we can verify Eq. (55) by explicitly
calculating ΩdLc,f in our layer constructed system. We
start by studying the Berry’s phase induced by the local
motion of the link Lc,f . If we hold the relative posi-
tion of the c-string and f -string in the link Lc,f fixed, it
is obvious that moving Lc,f along the x or the y direc-
tion does not produce any non-trivial phase. In contrast,
moving the Lc,f in the z-direction while keeping the rel-
ative positions of the c-string and the f -string fixed will
induce non-trivial Berry’s phase. The link configuration
of Lc,f is drawn in Fig. 13 (a). The orientation of the
strings are indicated by the arrows of the corresponding
colored circles (blue and orange). The layers that are
supposed to be represented by horizontal lines are omit-
ted in this figure, and the z direction is indicated by the
black arrow. Let’s consider moving this configuration by
one layer down towards the −z direction. For the parts
outside grey shaded region in Fig. 13 (a), since there is no
non-trivial linking between these segments of the c-string
and f -string, they can be deformed into the configuration
that is one layer below their original position without in-
ducing any Berry’s phase. In the grey shaded region, the
linked parts of c-string and f -string need to be treated
more carefully. To move the linked part one layer towards
the −z direction, we essentially have to rotation the part
of the link enclosed by the grey dashed line in Fig. 13 (b)
by pi about the z axis. The net Berry’s phase associated
to this rotation is equivalent to a full braid between c2
and f2 in a single layer and is, therefore, θc2,f2 = 2pi/p.
By similar analysis, the Berry’s phase in moving the link
Lc,f one layer up toward the z direction is the opposite.
In process of moving the Lc,f around the the d-string
(Fig. 12(g)), namely an edge dislocation, the net effect
is to move the Lc,f by the Burgers vector, i.e., to move
it downwards by one layer. Therefore, we can conclude
that
ΩdLc,f = θc2,f2 , (56)
which verifies the consistency of Eq. (55). In this discus-
sion, we always have to keep the d-string fixed because it
is an extrinsic defect rather than a dynamical excitation.
If we can promote the d-strings to dynamical excitations,
we can study other types of string braiding between the
three types of strings c, f and d, such as ωcf,d and ω
f
d,c
41.
The model that we considered so far is not capable of
capturing the dynamics of the d-strings, but the analy-
sis above relating string-string braiding and link-string
braiding can be used to derive general identities on the
string braiding, as will be discussed in Sec. VI A.
V. TOPOLOGICAL FIELD THEORY
DESCRIPTION
In this section, we introduce a topological field the-
ory description of the layer-constructed system, which
provides a phenomenological description of the particle-
string braiding and string-string braiding. The field the-
ory can be considered as a continuum limit of the dis-
crete system of coupled layers, although a generic deriva-
tion starting from coupled layers remain an open question
that we will leave for future work. In this work, we will
treat the field theory as a phenomenological low energy
effective theory. We consider the following Lagrangian
density:
LLC =QIJ
2pi
µνλσbIµν∂λa
J
σ +
Θ
8pi2
RIJ
µνλσ∂µa
I
ν∂λa
J
σ
+ jIµa
I
µ + J IµνbIµν (57)
with the summation of repeated indices implicitly as-
sumed. Here aIµ for each I is a 1-form U(1) gauge field
that couples to the current jIµ of non-trivial point ex-
citations, and bIµν for each I is a 2-form U(1) gauge
field that couples to the 2-form current J Iµν of non-
trivial string excitations. (bIµν and J Iµν are antisym-
metric in permutation of µ, ν.) Their gauge transfor-
mations are given by aIµ → aIµ + ∂µαI and bIµν →
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bIµν + ∂µβ
I
ν + ∂νβ
I
µ. QIJ and RIJ are integer-valued
non-singular matrices, and R is symmetric. Θ is an “or-
der parameter field” which is extrinsically determined
and does not have dynamics. When we consider the
compactification radius of each aIµ as 2pi, the integral
1
8pi2
∫
d4xRIJ
µνλσ∂µa
I
ν∂λa
J
σ is quantized to integer val-
ues for all closed space-time manifolds. Therefore the
partition function of the system is invariant under the
transformation Θ→ Θ+2pi. For a manifold with bound-
ary, Θ → Θ + 2pi will induce a boundary Chern-Simons
term
∫
boundary
d3nµ
1
4piRIJ
µνστaIν∂σa
J
τ . Here
∫
dnµ is
the boundary volume integration with dnµ along the
normal direction. The topological field theory (57) has
the form of BF theory62,63. Similar theory has been
proposed to describe fermionic and bosonic topological
insulators26,64, and the Walker-Wang model32,33. Com-
pared with previous works, the essential new ingredient
in our theory (57) is the string-string braiding statistics,
which, as will be explained in the following, is enabled
by the possibility of Θ vortex loops.
We start from a system with constant Θ. The equation
of motion is given by
jIµ = −
1
2pi
QJI
µνλσ∂νB
J
λσ,
J Iµν = −
1
2pi
QIJ
µνλσ∂λa
J
σ . (58)
Therefore, the string particle carries flux of aIµ, so that
braiding the Ith particle ΠI (whose current is given by
jIµ) and the J
th string ΣJ (whose current is given by J Jµν)
produces the Berry’s phase
θΠI ,ΣJ = −2pi(Q−1)IJ . (59)
By properly choosing the matrix Q, the Lagrangian den-
sity LCL can capture the particle-string statistics in the
layer constructed model. For example, to capture the
braiding statistics in Eq. (39), we need to take Q = p
(where Q is a 1× 1 matrix). For the case studied in Sec.
IV B, we should have Q = 3. For these two cases, R’s are
taken to be 0. However, even with non-zero matrix R,
the string-string braiding is trivial when Θ is a constant.
To obtain nontrivial string-string braiding, it is essential
to consider space-time dependent Θ.
Now, we can consider the case with specially varying
Θ. The equation of motion is given by
jIµ = −
1
2pi
QJI
µνλσ∂νB
J
λσ −
1
4pi2
RIJ
µνλσ∂νΘ∂λa
J
σ ,
J Iµν = −
1
2pi
QIJ
µνλσ∂λa
J
σ . (60)
For the case without any point particles, i.e. jIµ = 0, we
have
(Q−1TRQ−1)IJJ Jµν∂νΘ = µνλσ∂νBIλσ. (61)
Since the bulk of system is invariant under the transfor-
mation Θ→ Θ + 2pi, we can consider a 2D surface in the
system across which the the value of Θ jumps by 2pi. For
example, when this 2D surface is the xy plane, we have
∂µΘ = δµ,z2piδ(z). (62)
When the vortex string ΣJ goes through the z = 0
plane, the point of penetration acts as a point source
for µνλσ∂νB
I
λσ. If we consider braiding strings ΣI and
ΣJ as is shown in Fig. 14 (a) (with the z = 0 plane
where ∂zΘ = 2pi the green plane shown in the figure),
the Berry’s phase of this braid is
ωΣI ,ΣJ = 2pi(Q
−1TRQ−1)IJ . (63)
In this discussion, the only non-trivial effects from the
Θ configuration in Eq. (62) is the braiding statistics be-
tween strings ΣI and ΣJ that go through the z = 0 only
once and close at infinity. It is straightforward to see
that if we consider strings of finite size, they have to
cross the z = 0 plane even number of times and their
braiding is always trivial. Therefore, the system behaves
the same as the original system without the jump of Θ
across z = 0. To obtain non-trivial braiding of finite-size
strings, we need to consider 2D surface γ with boundary
∂γ 6= ∅ crossing which Θ jumps by 2pi. Such a surface
is a vortex loop of Θ at ∂γ. The strings that are linked
with the vortex loop will have non-trivial string braiding
statistics. For example, the braid statistics of the string
ΣI and ΣJ in Fig. 14 (b) is given by Eq. (63). Compare
to the result we present earlier in layer construction, we
can easily identify the defected layer in Fig. 10 (a) as the
surface γ and the edge dislocation as ∂γ. Since the jump
of Θ is not locally observable in the bulk, we can think
of the boundary ∂γ as a line defect which is consistent
with the edge dislocation interpretation.
For a specific layer constructed model, we can choose
proper QIJ and RIJ to capture the phenomenology of
the model. For example, for the example we studied in
Sec. IV C, the matrix QIJ is determined by the statis-
tics between point particles and string excitations in Eq.
(52):
Q =
Å
p/2 0
0 2
ã
. (64)
With the choice
R =
Å
0 1
1 0
ã
, (65)
we obtain the string braiding statistics
2pi(Q−1TRQ−1)IJ = 2pi
Å
0 1/p
1/p 0
ã
, (66)
which is consistent with braiding statistics ωdc,f between
c-string and f -string calculated in Eq. (54) in the pres-
ence of the d-string.
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(a) (b)
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γ
FIG. 14: (a) The configuration of two strings ΣI and ΣJ that
are aligned along the z direction and penetrate the z = 0 plane
(green) where Θ jumps by 2pi. The strings ΣI and ΣJ have
non-trivial braiding. (b) The configuration of a finite open
surface γ across which Θ jumps by 2pi together with strings
ΣI and ΣJ that linked with the vortex loop ∂γ (purple).
VI. GENERAL DISCUSSION ON STRING
BRAIDING
A. General Identities on Abelian String Braiding
Statistics
In the last part of previous section, we discuss the
braiding statistics of strings that involves two dynami-
cal string excitations and one extrinsic string defect. It
is conceivable that similar string braiding can happen in
the same configuration for three dynamical string excita-
tions. As is recently discussed in Ref. 41–43, in twisted
lattice gauge theories defined by non-trivial group co-
homology classes, different flux strings can braid non-
trivially. Ref. 41 proposed an identity on braiding statis-
tics of these flux strings. For two strings a and b both
linked with c (Fig. 15 (a)), the braiding phase of a and b
is defined as ωca,b. Ref. 41 proved the following identity
(up to 2pi times integers) for 3D ZkN gauge theories:
N(ωca,b + ω
a
b,c + ω
b
c,a) = 0. (67)
In the following, we will present a more general proof
of a slightly modified version of this identity for Abelian
string braiding, by making use of splitting and fusion of
strings.
As a general setup of our discussion, we will consider
the string excitations that has the following properties:
(1) The strings are Abelian in sense that there are no
non-trivial degenerate states associated to a local string
configuration; (2) The strings have no point-like excita-
tion attached to them. (3) Strings of the same type can
split and fuse without inducing additional phase factor;
(4) The strings can link with each other.
Since we have assumed that there is no non-trivial de-
generacy associated with the string configuration, the
Berry’s phase ωca,b is simply a U(1) phase. This Berry’s
phase ωca,b should be a topological invariant that does
not depend on the shape of the strings in the process
of braiding. In Sec. IV C, we have shown that by fu-
sion and splitting of the same type of strings, one can
topologically deform the string-string braiding process of
a, b strings linked to c (Fig. 15 (a)) to a particle-string
braiding process in which the “particle” La,b is formed by
two linked loops of types a and b. Denoting the Berry’s
phase obtained by the braiding of Lab with string c as
ΩcLa,b , we obtain the equation ω
c
a,b = Ω
c
La,b
. Now we con-
sider a different three-string configuration shown in Fig.
15 (c). In this configuration, every pair of strings are
mutually linked, with linking number 1. The “braiding”
process (which will be referred to as the linked braiding)
in this configuration is defined to be a 2pi rotation the two
string a and b about the string c (see Fig. 15 (c)) while
keeping the relative position between a and b fixed. The
Berry’s phase associated with this process is denoted as
ω˜ca,b. Following similar string fusion and splitting proce-
dure as has been presented earlier in Fig. 15 (c), we can
deform the linked braiding process to the same particle-
string braiding shown in Fig. 15 (b). This is illustrated
in detail in Fig. 15 (d). Therefore, we conclude,
ωca,b = Ω
c
La,b
= ω˜ca,b. (68)
Now we proceed to prove the a modified version of the
identity (67) by proving it for ω˜ca,b. The configuration
of three mutually linked loops in the Fig. 15 (c) can
be topologically deformed to that in Fig. 16. This con-
figuration is symmetric upon cyclic permutation of the
three strings. The “linked braiding” process defined in
Fig. 15 (c) can be rephrased as the operation that keeps
the string c fixed and rotates simultaneously the strings
a and b about an axis, which goes through the reference
point o and is perpendicular to the 2D plane, clock-wisely
by 2pi. This process is the linked braiding of the string
a and b with respect to the string c. Due to the cyclic
symmetry between the three strings in this configuration
in Fig. 15, we can also consider similar linked braiding
processes between the strings b and c with respect to the
string a, and that between c and a with respect to b. If
we perform these three different types of linked braiding
sequentially, the net Berry’s phase obtained is by defini-
tion ω˜ca,b + ω˜
a
b,c + ω˜
b
c,a. However, one can easily see that
the combined process is actually a global 4pi rotation of
the whole string configuration around axis o, since each
string is rotated by 2pi during two of the three processes,
and is held static during one of them. Since a 4pi rota-
tion is a topologically trivial action in three dimension,
the total Berry’s phase induced by the rotation must be
trivial. This implies that the sum of three different linked
braiding Berry’s phases should be trivial, namely
ω˜ca,b + ω˜
a
b,c + ω˜
b
c,a = 0. (69)
Therefore by using Eq. (68), we prove the following iden-
tities:
ωca,b + ω
a
b,c + ω
b
c,a = 0, (70)
ΩcLa,b + Ω
a
Lb,c
+ ΩbLc,a = 0. (71)
Eq. (70) directly implies the previously proposed Eq.
(67). Eq. (71) constraints the braiding statistics of
strings and “link particles”.
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Equivalent process to (c)
FIG. 15: Three different string braiding processes, named
as the string-string braiding (a), link-string braiding (b) and
the linked braiding (c). As is explained in the main text, the
Berry’s phase associated to these three processes are identical.
(d) The decomposed steps that relate processes in (c) and (b).
a b
c
o
FIG. 16: The configuration of three mutually linked strings.
This configuration is topologically equivalent to the configu-
ration shown in Fig. 15 (c), but is deformed to a shape with
three-fold rotation symmetry according to an axis perpendic-
ular to the plane at the point o.
Our proof here only relies on adiabatical deformations
and fusion-splitting processes of strings, which is thus
applicable to generic 3D topologically ordered states that
involves Abelian string-like excitations.
B. Non-Abelian String Braiding Statistics
The discussion above only applies to the 3D topological
states with string excitations that satisfies the assump-
tions given in the beginning of the previous subsection.
It is worthy to point out that there are certainly possi-
bility of other more generic string like excitations that
violates some of these assumptions. For instance, the
same string configurations can in principle carry non-
Abelian degrees of freedom. The general framework of
non-Abelian string-string braiding is beyond the scope of
this paper, but we would like to present one explicit ex-
ample of a system with non-Abelian string-string braid-
ing.
Consider two Weyl fermions in (3 + 1)-dimensions
with opposite chirality, which are equivalent to a Dirac
fermion. Each Weyl fermion is time-reversal invariant,
and a superconducting pairing can be introduced within
each Weyl fermion. The Fermi level can be either at or
away from the Weyl point, which does not affect our dis-
cussion. The BCS Hamiltonian of such a superconductor
can be written as
Hˆ =
∑
k
î
ψ†Rk(vFσ · k− µ)ψRk + ψ†Lk(−vFσ · k− µ)ψLk
ó
+
1
2
∑
k
î
|∆R|eiθRψ†R-kiσyψ†Rk + |∆L|eiθLψ†L-kiσyψ†Lk + h.c.
ó
,
(72)
where ψRk and ψLk are two-component fermion opera-
tors, vF is the fermi velocity, σ’s are the 2× 2 Pauli ma-
trices, and ∆R = |∆R|eiθR and ∆L = |∆L|eiθL are the
pairing order parameters on the fermi surface of ψRk and
ψLk. Without the pairing term and with µ > 0, the Fermi
surface of ψRk carries Chern number 1 while the Fermi
surface of ψLk carries Chern number -1. This model was
studied before65 as a minimal model of time-reversal in-
variant topological superconductivity (TSC)66–68, which
describes a TSC when θL = 0, θR = pi, and a trivial
superconductor when θL = θR = 0
69.
As a probe to the TSC, Ref. 65 studied the chiral vor-
tex strings in this system, which are 2pi vortex strings of
only one of the pairing phases, such as θR. This chiral
vortex string carries a (1 + 1)-d chiral Majorana fermion
mode, which has a axial anomaly. For the purpose of this
paper, we will focus on the zero energy mode in the spec-
trum of the chiral Majorana fermion, usually named as
the Majorana zero mode70. A contractible vortex string
does not carry a zero energy mode, since the Majorana
fermion has anti-periodic boundary condition. (Without
going into a detailed calculation, one can see that this
must be true since a Majorana zero mode, if exists, can-
not disappear when the loop shrinks to a point and dis-
appear. Therefore it cannot occur in a contractible loop.)
When a vortex string v1 is linked with another chiral vor-
tex string v2 (see Fig. 17 (a)), there will be a Majorana
zero modes γ1(2) on each vortex string. Each Majorana
zero mode is separated from other chiral modes by a finite
size gap that is inversely proportional to the length of the
vortex strings. There are two degenerate states with the
opposite fermion parity (−1)F ≡ iγ1γ2 associated with
the two zero modes on the two linked strings. If we braid-
ing the link between v1 and v2 around a third chiral vor-
tex string v3, the Berry’s phase is equal to (−1)F . There-
fore, we see that the string braiding statistics relies on the
state in the degenerate space defined by the string con-
figuration, which is a three-dimensional generalization of
“fusion channels” of a non-Abelian anyon. Consider a
different chiral vortex string configuration in Fig. 17 (b)
with two vortex strings v1 and v2 both linked with v3.
In this configuration both v1 and v2 carry Majorana zero
modes γ′1 and γ
′
2, while v3 does not have a zero mode. If
we braid the vortex string v1 and v2 in the way defined in
Fig. 10 (a), the Majorana fermion operators γ′1,2 will each
obtain a −1 sign after a full braiding, due to the phase
winding around the vortices. Therefore one expects that
the braiding between these two strings with zero modes
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is the same as the braiding of two point-like vortices in
2+1-d p+ip superconductor71,72, up to an undetermined
overall phase factor. The non-Abelian Berry’s phase is a
unitary operator acting on the two-dimensional Hilbert
space, which can be written as ei
2piiγ′
1
γ′
2
4 . Since the chiral
vortices are generically confined with the anti-chiral vor-
tices energetically65, they have to be considered as exter-
nal defects and the Abelian phase factor of the braiding
process is not well-defined.
Since we can consider all the chiral vortices to be iden-
tical, we can also consider the “half braid” between v1
and v2 that is similar to the string braiding defined Fig.
10 (a) but only exchanges the position of two vortex
strings instead of braiding one string around the other.
In this half braid process, we can keep the sizes of all
three vortex strings v1, v2 and v3 finite. The degenerate
space defined by the two zero modes γ′1,2 are separated
from other excited states by a finite size gap. Therefore
the half braid should not change the total fermion par-
ity (−1)F = iγ′1γ′2 of the three-string configuration. The
only possible non-trivial operation to the Majorana zero
modes is
U†γ′1U = γ′2,
U†γ′2U = −γ′1, (73)
where U is the unitary transformation induced by the
half braid. This determines U = e
2piiγ′
1
γ′
2
8 up to a U(1)
phase.
When more generic configurations of vortex strings are
considered, one can see more qualitative difference from
the Abelian case. For example, one can consider the con-
figuration of three mutually linked chiral vortex strings
shown in Fig. 16. In the Abelian case, a “linked braid-
ing” procedure is defined in this configuration (Fig. 15
(c) and (d)), which is proved to induce the same Berry’s
phase as the three-string braiding process in Fig. 15 (a).
In the case of chiral vortex strings, the configuration of
three mutually linked strings is very different from two
strings linked with the third one: When each loop is
linked with two other loops, there is no Majorana zero
mode on any of the three loops. Consequently there can-
not be any nontrivial non-Abelian Berry’s phase in the
linked braiding process. If the linked braiding and un-
linked braiding (the procedures shown in Fig. 15 (a) and
(c)) are still related, the linked braiding will at most be
related to a given fusion channel of the two strings in the
unlinked configuration. In general, the fusion and split-
ting of non-Abelian strings involve the change of topo-
logical degeneracy, which is more complicated than the
case of Abelian strings with “adiabatic” fusion and split-
ting within the same species. Fusion channels have to
be defined when we consider the splitting and fusion of
strings. We will leave this for future study.
One can consider a multi-component generalization of
the model (72), which has a matrix-valued pairing order
parameter, and allows monopole-like non-Abelian point
(a) (b)
v1 v2
v3
v1 v2
v3
FIG. 17: (a) and (b) show two different configurations of
chiral vortex strings.
defects in addition to the chiral vortices36–39. The non-
Abelian statistics of monopole defects are also related to
Majorana zero modes, and it is interesting to investigate
the interplay of the braiding statistics of monopoles and
chiral vortex strings.
There are also other similar examples in the 3D quan-
tum double model45 and 3D Dijkgraaf-Witten lattice
theory43 that strings can carry non-Abelian degrees of
freedom and have non-Abelian braiding statistics. When
we dimensionally reduced the z direction to a finite com-
pactified circle for these lattice gauge theory systems, the
strings align along the z direction which can be viewed
as a quasi-particle in the 2D sense can be asigned quan-
tum dimensions. Since the 3D lattice guage theory, when
dimensionally reduced, becomes 2D lattice guage theory.
Each quasi-particles (in the 2D theory) must have integer
quantum dimension, and so are the strings (along the z
direction). In constrast, if we dimensionally reduce the
3D TSC to 2D with a pi chiral flux in the z direction cy-
cle, the chiral vortex strings (along the z direction) will
have quantum dimension
√
2 due to the Majorana zero
mode. It would be interesting to find more examples of
string excitations with non-integer quantum dimensions.
Moreover, Ref. 41–43 mainly concerns the braiding pro-
cess defined in Fig. 15 (a) between flux strings in the
twisted Dijkgraaf-Witten lattice gauge theory. It would
also be interesting to study the braiding process defined
in Fig. 15 (b) and (c) for these models.
VII. CONCLUSION AND DISCUSSION
In this paper, we propose a general approach to obtain
non-trivial 3D topological states through layer construc-
tion. Starting from stacked layers of 2D Abelian topolog-
ical states, anyon-condensation induces inter-layer cou-
pling and drives the system into a three-dimensional state
which may have interesting bulk and/or surface topolog-
ical orders. We illustrate several different possibilities
with explicit examples. The first class of states are those
with trivial bulk topological order and nontrivial surface
two-dimensional topological order. We obtain general
criteria for such states, and show that this state has the
same topological order on surfaces with different orien-
tation, even though it appears to be anisotropic. This
implies that the layer construction indeed captures the
properties of homogeneous 3D states. The second class
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of states are those with nontrivial bulk topological or-
der, which means nontrivial ground state degeneracy on
a three-dimensional torus. The simplest examples realize
the discrete gauge theories. More generically, the layer
construction can describe broader class of topologically
ordered states which have coexisting surface and bulk
topological order. One of the most interesting properties
that can be realized in some layer-constructed topological
states is the string-string braiding statistics, in addition
to the more conventional particle-string braiding that ex-
ists in discrete gauge theories. We provide an explicit
example of a state with non-trivial string-string braid-
ing, and also discuss the relation between string-string
braiding and particle-string braiding by making use of
fusion and splitting procedures of strings. A topological
field theory is proposed to describe the topological or-
der and string braiding statistics of the layer constructed
systems. The topological field theory has the form of
BF theory “twisted” by an “axionic” topological cou-
pling of the gauge field with an axion field θ. Based
on the explicit examples and field theory, we further dis-
cuss the general properties of three-string braiding, and
give a more general proof of the string braiding identi-
ties Eq. (69), (70) and (71) with Eq. (70) being a a
modified version of the previously proposed identity (67)
proved for ZkN lattice gauge theories. Finally, we dis-
cussed the generalization of the 3D topological order and
string-string braiding to non-Abelian systems by propos-
ing one example system which is a superconductor with
chiral vortex strings. Compared with Abelian strings,
the non-Abelian strings have multiple fusion channels,
non-Abelian braiding phase, and topological degeneracy
depending on string linking.
There are a lot of interesting open questions along the
direction of this work. The first question is how to write
down lattice models which realizes the coupled layers and
anyon condensation. For layers of Zp toric code with
condensation described in Fig. 6 (a), the lattice model
is simply the 3D toric code. This can be understood in
the following way. Take p = 2 as an example. Con-
sider the cubic lattice with Z2 degrees of freedoms de-
fined on each link. The vertex term on the vertex v is
given by Ov = −∏l connects to v σzl with l labeling the
link, and the plaquette term at plaquette p is given by
Op = −∏l∈ plaquette p σxl . Now consider adding a term
hσzl for all vertical links with h a coupling constant. In
the h → ∞ limit, all the vertical links are polarized, 3D
toric code splits up into layers of 2D toric code. As we
lower the coupling h, a transition that is described in
Fig. 6 (a) will happen and bring the system back to the
topological ground state of 3D toric code. Its Zp and
twisted version can also be constructed in a similar fash-
ion. It would be interesting to construct lattice models
that capture the physics of more generic 3D states ob-
tained through layer construction.
Another interesting question is the relation of the layer
constructed states with the Walker-Wang models. Some
similarities are discussed in Sec. IV B between these
two systems, and the Walker-Wang’s work32 set a gen-
eral mathematical framework of defining 3D topological
states. However, string-string braiding has not been dis-
cussed in Walker-Wang model, so it will be an interesting
future direction.
If incorporated with symmetry, the layer construction
for 3D state with purely surface topological order can be
used to build models for symmetry protected topological
(SPT) states with gapped surfaces, as has been discussed
in Ref. 46. Our analysis on the side surface can serve as
a Hamiltonian formalism for these topologically ordered
surfaces of 3D SPTs which allow us to study more care-
fully the symmetry breaking transition on the surface.
Another future direction is a more systematic under-
standing of the 3D topological order. For 3D gapped
state with purely surface topological order and trivial
bulk topological order, we obtained some general crite-
ria on when it occurs and what is the surface topological
order (Sec. III B). However, for more generic 3D states
with bulk and/or surface topological order, we have only
done a case-by-case study of the topological order for
each given set of condensed anyons. More specifically,
what is needed is a general formula which determines
the topological properties of the 3D state (such as the Q
and R matrices in the field theory approach) from the
“microscopic” data, i.e. the layer K matrix before the
anyon condensation, and the condensed anyons given by
pi and qi vectors. It is also interesting to consider anyon
condensation and layer construction in non-Abelian lay-
ers, using the technique developed in literature54,73,74. A
specific question will be how to obtain the topological
superconductor state with chiral vortex from layer con-
struction.
Moreover, we would like to make some more general
comments on the string braiding statistics in 3D topo-
logically ordered states. In Sec. VI, we have shown that,
for Abelian strings with trivial fusion and splitting within
the same species, the string braiding statistics can be de-
fined in various of different ways with configurations of
different linking numbers, which yield exactly the same
Berry’s phase. This implies that linked string configu-
ration (Fig. 16) might the objects that play a central
role in 3D topological order in general. For example,
by applying our analysis on the identification between
three-string braiding (Fig. 15 (a)) and the link-string
braiding (Fig. 15 (b)) to the Dijkgraaf-Witten lattice
ZkN or ZN1 ×ZN2 ×ZN3 ×ZN4 gauge theories studied in
Ref. 41–43, we immediately conclude that the link be-
tween two flux strings is in fact charged under the gauge
group. Further, our example of chiral vortex in TSC
and the result in Ref. 43,45 show that the link of flux
strings or themselves can even carry non-Abelian degrees
of freedom. It would be very interesting to construct the
mathematical framework that captures the braiding, link
and fusion of the strings and study the various operations
to the linked string configurations discussed in Sec. VI
in generality.
At a final comment, we would like to memtion that
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Ref. 75 recently proposed a general theory for topological
order in any dimension. It would be interesting to study
its connection to the layer construced models and to the
general properties of string statistics in 3D.
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